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In a spatially flat Friedmann-Lemaˆıtre-Robertson-Walker universe, we investigate a unified cosmic
fluid scenario endowed with bulk viscosity in which the coefficient of the bulk viscosity has a power
law evolution. The power law in the bulk viscous coefficient is a general case in this study which
naturally includes several choices as special cases. Considering such a general bulk viscous scenario,
in the present work we have extracted the observational constraints using the latest cosmological
datasets and examine their behaviour at the level of both background and perturbations. From the
observational analyses, we find that a non-zero bulk viscous coefficient is always favored and some
of the models in this series are able to weaken the current tension on H0 for some dataset. At the
level of perturbations, the models are very much sensitive to their free parameters. We find that
the matter power spectra show an unusual blowing up for sufficient strength of the bulk viscous
coefficient.
PACS numbers: 98.80.-k, 95.35.+d, 95.36.+x
1. INTRODUCTION
Observational evidences from a series of distinct astro-
nomical sources firmly state that nearly 96% of the total
energy budget of the universe is comprised of the dark
sector [79]. This dark sector is usually classified into dark
matter and the dark energy where the dark matter is re-
sponsible for the structure formation of the universe and
dark energy is speeding up the expansion of the universe
into an accelerating manner. The simplest possibility to
model such dark universe has been proposed in terms of
the non-interacting ΛCDM cosmology in which Λ > 0,
the cosmological constant, plays the role of dark energy
and the dark matter sector is comprised with CDM (cold
dark matter). However, the problems related to the cos-
mological constant have motivated the construction of
alternative cosmological models. This resulted in a class
of cosmological models where either the dark fluids evolve
separately (known as non-interacting cosmological mod-
els) or the dark fluids have a mutual interaction between
them, also known as interacting dark energy models (see
[2, 3] for reviews on a class of non-interacting and inter-
acting dark energy models). However, in spite of many
investigations, the origin, nature and the evolution of
these dark fluids are absolutely unknown until today.
Along the same line of investigations, a possible and
natural idea in such a context is that the dark fluids,
namely, the dark matter and dark energy are not two ex-
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otic matter components rather they are just two different
aspects of a single fluid model, usually known as the uni-
fied dark matter (UDM) scenarios. Theoretically, there
is no objection to consider such UDM scenarios since the
nature of dark sector could be anything. In the context
of Einstein’s gravitational theory, such UDM scenarios
are described by an equation of state p = f(ρ), where
p and ρ, are respectively the pressure and energy den-
sity of the UDM fluid and f is any analytic function of
the energy density, ρ (one can quickly recall the Chap-
lygin gas [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] and
other unified cosmologies [16, 17, 18] in this context).
Sometimes, these UDM scenarios are also studied in the
form of p = g(H) where g is any analytic function of H,
the Hubble rate of the Friedmann-Lemaˆıtre-Robertson-
Walker (FLRW) universe which is the well known geo-
metrical description of our universe in the large scale and
in this present work we have considered such geometrical
configuration. However, one can see that the prescrip-
tions, p = f(ρ) and p = g(H) are actually equivalent for a
spatially flat universe since ρ ∝ H2 for this universe, how-
ever, for nonflat cases, they are not same. Following this
one could make a number of choices for such UDM mod-
els keeping only one thing that both f and g should be
analytic with respect to their corresponding arguments.
A class of cosmological scenarios with this equation of
state has been investigated in detail in the context of
cosmological bulk viscosity [19, 20, 21, 22, 23, 24, 25, 26,
27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42,
43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53] (also see [54] for
a recent review on bulk viscous cosmologies). A bulk vis-
cous fluid is a cosmic fluid endowed with bulk viscosity.
Effectively, a bulk viscous fluid with (p, ρ) as respectively
the pressure and energy density is identified with an ef-
fective pressure peff = (γ − 1)ρ − η(ρ)uµ;µ, in presence of
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2the bulk viscosity 1. Here, uµ;µ is the expansion scalar of
this fluid, η(ρ) > 0 is the coefficient of the bulk viscosity
and γ is the model parameter. One can identify γ as a
conventional equation of state of the fluid in absence of
the bulk viscosity. For FLRW universe, uµ;µ = 3H, hence
the effective pressure of the bulk viscous fluid in this uni-
verse turns out to be peff = (γ − 1)ρ− 3Hη(ρ). In Refs.
[19, 20, 21, 22, 23, 37, 39, 41] the viscous coefficient was
taken to be η(ρ) = αρm, where α,m are free parameters
and cosmic expansion was investigated in detail, but all
the above works were mostly theoretical both at back-
ground and perturbations. Concerning the observational
examinations, although the low redshifts data like Super-
novae Type Ia were encountered but the full cosmic mi-
crowave background (CMB) temperature and anisotropy
data (we acknowledge that CMB shift parameter was in-
troduced in [41]), so far we are aware of the literature,
have not been applied to such models. Thus, we believe
that such an analysis will be worth for a complete picture
of such scenarios.
Thus, in order to take into account the observational
features of bulk viscous models, in the present work we
have considered two specific UDM scenarios and con-
strained them using different cosmological data. We have
also studied the evolution of these models at the level of
perturbations through the temperature anisotropy in the
CMB spectra and matter power spectra as well.
The work has been organized in the following manner.
In section 2 we present the gravitational field equations
for an imperfect fluid with bulk viscosity. In section 3 we
present the observational data and the constraints of the
present models. In particular, in the subsections 3.1 and
3.2 we respectively summarize the main results of the two
models. Finally, we close the present work in section 4
with a brief summary.
2. THE BACKGROUND AND PERTURBATION
EQUATIONS FOR A VISCOUS UNIVERSE
We consider a homogeneous and isotropic model of our
universe which is characterized by the usual Friedmann-
Lemaˆıtre-Robertson-Walker line element
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2
(
dθ2 + sin2 θdφ2
)]
,
where a(t) is the scale factor of the universe; k is the spa-
tial curvature which for its three distinct values, namely,
0, −1, +1, respectively represent a spatially flat, open
1 In this connection we recall an equivalent cosmological theory
known gravitationally induced particle creation theory [55, 56,
57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68] which is equivalent
to the bulk viscous theory at the level of equations but from
the thermodynamical point of view both are theories are distinct
[69].
and a closed universe. In this work we shall confine our-
selves to the spatially flat universe, that means, k = 0
throughout the work. The energy density, ρ, of the uni-
verse in this spacetime is thus constrained by the Hubble
rate H ≡ a˙/a as (8piG = 1)
3H2 = ρt = (ρr + ρb + ρD) , (1)
where ρr, ρb, ρD are respectively the energy density for
the radiation and baryons and the unified fluid where
pD = (γ−1)ρD and we have a bulk viscosity background.
Following [20], the effective pressure of the unified dark
fluid can be written as
peff = pD − 3Hη(ρD) (2)
where η(ρD) is the coefficient of the bulk viscosity that we
assume to take the following well known form [19, 20, 21]:
η(ρD) = αρ
m
D , (α > 0). (3)
Thus, the effective pressure for the unified dark fluid can
be recast into
peff = (γ − 1)ρD − 3αHρmD , (4)
In the spatially flat universe, at late time the contri-
butions from radiation and baryons are negligible, so,
approximately, H ∝ ρ1/2D , this is equivalent to a to-
tal stress of the form peff ≈ (γ − 1)ρD −
√
3αρ
m+1/2
D
[19, 20, 21], where this equation reduces to the generic
form peff + ρD ≈ ΓρδD with γ = 0 and δ = m + 1/2
and Γ = −√3α. For these kind of effective pressure
of the dark fluid, there are three free model parame-
ters γ, α, m. The pressure peff = −3αHρmD with as-
suming γ = 1, and we can define the dimensionless pa-
rameter β = αH0ρ
m−1
t0 , where ρt0 is the present value
of ρt defined in eqn. (1). Let us note that the model
with peff = −3αHρmD was constrained by the Super-
novae Type Ia [70] and CMB shift-parameter [71] data
where the best-fit values of the parameters were found to
be m = −0.4 and β = 0.236.
In the present work seek for a robust observational
analysis of the bulk viscous cosmologies [19, 20, 21, 22,
23, 41] in a spatially flat universe. Thus, in presence of
the bulk viscosity, the effective pressure of the unified
fluid becomes,
peff = (γ − 1)ρD −
√
3αρ
1/2
t ρ
m
D . (5)
where the baryons and radiation components present in
ρt (see eqn. 1) are conserved separately, and hence they
evolve as, ρb = ρb0a
−3, ρr = ρr0a−4, respectively. Here,
the energy density of viscous dark fluid would not be in
an analytical form due to the baryons and radiation in the
effective pressure, however it could be solved numerically.
3The effective equation of state of viscous dark fluid will
be
weff = (γ − 1)−
√
3αρ
1/2
t ρ
m−1
D . (6)
The adiabatic sound speed for the viscous fluid is
c2a,eff =
p′eff
ρ′
= weff +
w′eff
3H(1 + weff) . (7)
where the prime denotes the derivative of the conformal
time. H is the conformal Hubble parameter, H = aH.
When the equation of state of a purely barotropic fluid
is negative, it has an imaginary adiabatic sound speed
which possibly causes instability of the perturbations. In
order to avoid this problem, we will allow an entropy per-
turbation (non-adiabatic perturbation) in the dark fluid
according to the analysis of generalized dark matter [72].
To follow the analysis of entropy perturbation for a
generalized dark matter [72], in the entropy perturba-
tion mode, the true pressure perturbation is from the
effective pressure, peff = pD − 3Hη(ρD) is from peff =
pD − η(∇σuσ), so one could calculate the pressure per-
turbation
δpeff = δpD − δη(∇σuσ)− η(δ∇σuσ)
= δpD − 3Hδη − η
a
(
θ +
h′
2
)
. (8)
Combined with η = αρmD [20, 21], the effective sound
speed of viscous dark fluid could be defined as
c2s,eff ≡
δpeff
δρD
|rf
= c2s −
√
3αmρ
1/2
t ρ
m−1
D −
αρm−1D
aδD
(
θ +
h′
2
)
, (9)
where ’|rf ’ denotes the rest frame, generally the sound
speed c2s = 0 in the rest frame according to the analysis
of [72].
To follow the formalism for a generalized dark matter
[72], one can write the perturbation equations of density
contrast and velocity divergence
δ′D = −(1 + weff)(θD +
h′
2
) +
w′eff
1 + weff
δD
− 3H(c2s,eff − c2a,eff )
[
δD + 3H(1 + weff)θD
k2
]
,(10)
θ′D = −H(1− 3c2s,eff)θD +
c2s,eff
1 + weff
k2δD, (11)
Now, based on the effective pressure of viscous dark
fluid model [19, 20, 21], we consider two bulk viscous
fluid models, namely the model with two free parameters
α and m, labelled as BVF1. Another model with three
parameters γ, α, and m, labelled as BVF2. Let us note
that for BVF1 and BVF2 models, for the purpose of sta-
tistical analysis, we have turned α into a a dimensionless
quantity by defining β = αρ
m−1/2
0 in terms of the origi-
nal parameter α. Thus, from now on, we shall recognize
β, m as the governing parameters of Model BVF1 and
the model BVF2 will be recognized by the parameters
β, γ and m. The case with m = 0 is the simplest bulk
viscous scenario representing the constant bulk viscosity.
Thus, in the present work we consider four different bulk
viscous scenarios as follows: the two cases with m = 0,
that means, we consider two different scenarios, namely,
BVF1 (m = 0), and BVF2 (m = 0), and secondly, we
consider the general scenarios where m acts as a free pa-
rameter, that means, the two cases for free m, named as
BVF1 (m: free), and BVF2 (m: free). Now, in order to
understand the qualitative evolution of the density pa-
rameters for radiation, baryons, and the effective bulk
viscous fluid, we have systematically investigated all the
possibilities. In Fig. 1 we have shown the density param-
eters for the model BVF1 (m = 0) using different values
of β such as β = 0.5 (upper panel of Fig. 1), β = 0.55
(middle panel of Fig. 1) and β = 0.6 (lower panel of
Fig. 1). From this figure (Fig. 1), we see that as β in-
creases, the domination of the bulk viscous fluid starts
lately. Now, in order to understand the general scenario
with free m, in Fig. 2 we have depicted two different sce-
narios for the density parameters for some fixed values of
β and m. In a similar fashion, we have investigated the
qualitative evolution of the density parameters for BVF2
considering both the possibilities, that means the case
with m = 0 (see Fig. 3) and with free m (see Fig. 4).
3. OBSERVATIONAL DATA AND THE
RESULTS
In this section we describe both the observational data
and the analyses of the present bulk viscous scenarios. In
what follows, we first describe the observational datasets.
• Cosmic Microwave Background: Cosmic Mi-
crowave Background (CMB) radiation is the ef-
fective astronomical probe to analyse the dark en-
ergy models. Here we consider the CMB temper-
ature and polarization anisotropies together with
their cross-correlations from Planck 2015 [73]. Par-
ticularly, we consider the combinations of high-
and low-` TT likelihoods in the multipoles range
2 ≤ ` ≤ 2508 and the combinations of the high-
and low-` polarization likelihoods as well as [74].
• Pantheon sample from the Supernovae Type Ia
data: We use the most recent compilation of the
supernovae type Ia (SNIa) comprising 1048 data
points [75] in the redshift range z ∈ [0.01, 2.3].
• Hubble parameter measurements: Finally, we con-
sider the Hubble parameter values at different red-
shifts measured from the Cosmic Chronometers
(CC). The Cosmic Chronometers are the most mas-
sive and passively evolving galaxies in the universe.
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FIG. 1: Qualitative evolution of the density parameters for
the BVF1 model with m = 0 have been shown for different
values of β, namely, β = 0.5 (upper panel), β = 0.55 (middle
panel), β = 0.6 (lower panel), and also compared with no bulk
viscous scenario (corresponding to β = 0).
For a detailed motivation and measurements of
the Hubble parameter values from CC, we refer to
[76]. In this work we consider 30 measurements of
the Hubble parameter values spread in the interval
0 < z < 2, see again [76] where the data points are
tabulated.
Now, in order to constrain the bulk viscous scenarios
we have made use of the fastest algorithm, the Markov
chain monte carlo package cosmomc [77] where an effi-
cient convergence diagnostic, namely the Gelman-Rubin
criteria R − 1 exists that enables us to understand the
convergence of the monte carlo chains. For the first
model BVF1, the analysed parameters space is, PBVF1 =
{Ωbh2, 100θMC , τ, ns, ln(1010As), β,m} and for the sec-
ond model BVF2, the parameters space is, PBVF2 =
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FIG. 2: We show some general behaviour of the BVF1 model
considering the fact that m 6= 0. In the upper panel we fix
β = 0.6 and consider the density parameters for m = 0.4
and also compared to the constant bulk viscous scenario (cor-
responding to m = 0). In the lower panel we fix m = 0.2
and consider three different values of β in order to depict the
evolution of the density parameters.
Parameter Prior
Ωbh
2 [0.005, 0.1]
Ωch
2 [0.01, 0.99]
τ [0.01, 0.8]
ns [0.5, 1.5]
log[1010As] [2.4, 4]
100θMC [0.5, 10]
β [0, 1]
m [−2, 0.5]
γ [−3, 3]
TABLE I: We show the priors on the free parameters of the
bulk viscous scenarios.
{Ωbh2, 100θMC , τ, ns, ln(1010As), β,m, γ} where Ωbh2 is
the baryons density, 100θMC is the ratio of the sound
horizon to the angular diameter distance; τ is the optical
depth, ns is the scalar spectral index, AS is the amplitude
of the initial power spectrum. In Table I we summarize
the priors on the model parameters that have been used
during the statistical analysis. Let us now analyse the
results of the models extracted from the observational
datasets.
5Parameters CMB CMB+CC CMB+Pantheon CMB+Pantheon+CC
Ωbh
2 0.02222+0.00015+0.00029−0.00014−0.00029 0.02227
+0.00016+0.00031
−0.00017−0.00031 0.02251
+0.00016+0.00030
−0.00015−0.00030 0.02256
+0.00015+0.00031
−0.00017−0.00030
100θMC 1.03329
+0.00028+0.00055
−0.00028−0.00057 1.03332
+0.00028+0.00055
−0.00027−0.00053 1.03325
+0.00027+0.00052
−0.00026−0.00053 1.03327
+0.00029+0.00061
−0.00033−0.00057
τ 0.077+0.016+0.033−0.016−0.032 0.080
+0.019+0.031
−0.017−0.033 0.097
+0.019+0.035
−0.018−0.034 0.099
+0.017+0.032
−0.017−0.033
ns 0.9640
+0.0043+0.0088
−0.0044−0.0085 0.9652
+0.0044+0.0089
−0.0045−0.0083 0.9741
+0.0043+0.0085
−0.0043−0.0080 0.9750
+0.0043+0.0087
−0.0043−0.0081
ln(1010As) 3.090
+0.032+0.062
−0.032−0.062 3.094
+0.039+0.059
−0.031−0.065 3.120
+0.034+0.069
−0.035−0.066 3.124
+0.035+0.062
−0.033−0.066
β 0.199+0.0041+0.0081−0.0042−0.0084 0.201
+0.0045+0.0089
−0.0044−0.0092 0.211
+0.0044+0.0085
−0.0048−0.0080 0.212
+0.0040+0.0079
−0.0040−0.0075
H0 54.99
+0.29+0.59
−0.30−0.59 55.10
+0.32+0.63
−0.31−0.65 55.86
+0.32+0.63
−0.35−0.59 55.95
+0.30+0.60
−0.33−0.56
χ2best−fit 12962.552 12991.452 14137.924 14163.750
TABLE II: 68% and 95% c.l. constraints on various free parameters of the model BVF1 assuming the simplest case m = 0,
that means, the constant bulk viscosity, using different observational data. Here H0 is in the units of km/Mpc/sec.
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FIG. 3: Qualitative evolution of the density parameters for
the BVF2 model with m = 0 have been shown for different
values of β, namely, β = 0.5 (upper panel), β = 0.55 (middle
panel), β = 0.6 (lower panel), and also compared with no bulk
viscous scenario (corresponding to β = 0). Let us note that
for all the plots we have fixed γ = 1.01.
ΩBVF2 (m=0.4)ΩBVF2 (m=0)Ωb (m=0.4)Ωb (m=0)Ωr (m=0.4)Ωr (m=0)
1 10 100 1000 104
0.0
0.2
0.4
0.6
0.8
1.0
1+z
Ω iof
B
V
F2
(β=0.6
,γ=1.
01
)
ΩBVF2 (β=0.5)ΩBVF2 (β=0.55)ΩBVF2 (β=0.6)Ωb (β=0.5)Ωb (β=0.55)Ωb (β=0.6)Ωr (β=0.5)Ωr (β=0.55)Ωr (β=0.6)
1 10 100 1000 104
0.0
0.2
0.4
0.6
0.8
1.0
1+z
Ω iof
B
V
F2
(m=0
.2
,γ=1.
01
)
FIG. 4: We show some general behaviour of the BVF2 model
considering the fact that m 6= 0. In the upper panel we fix
β = 0.6 and consider the density parameters for m = 0.4 and
also compared to the constant bulk viscous scenario (corre-
sponding to m = 0). In the lower panel we fix m = 0.2 and
consider three different values of β in order to depict the evo-
lution of the density parameters. Let us note that for all the
plots we have fixed γ = 1.01.
3.1. The model BVF1
Here we present the observational summary of the
BVF1 model using various combinations of the observa-
tional datasets. The governing parameters of this model
as already mentioned are m and β (we recall again that
β = αρ
m−1/2
t0 ). We first consider the simplest bulk vis-
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FIG. 5: 68% and 95% c.l. contour plots for the BVF1 model with m = 0, using the observational data from different sources.
The figure also shows the one dimensional marginalized posterior distributions for some selected parameters.
Parameters CMB CMB+CC CMB+Pantheon CMB+Pantheon+CC
Ωbh
2 0.02223+0.00015+0.00030−0.00015−0.00030 0.02223
+0.00015+0.00030
−0.00016−0.00028 0.02219
+0.00015+0.00030
−0.00015−0.00031 0.02220
+0.00015+0.00031
−0.00015−0.00030
100θMC 1.0328
+0.0046+0.0052
−0.0048−0.0057 1.0297
+0.0008+0.0031
−0.0011−0.0020 1.02759
+0.00057+0.0011
−0.00056−0.0011 1.02759
+0.00057+0.0011
−0.00056−0.0011
τ 0.077+0.017+0.031−0.017−0.033 0.079
+0.017+0.033
−0.017−0.035 0.077
+0.017+0.034
−0.018−0.033 0.078
+0.017+0.033
−0.017−0.034
ns 0.9646
+0.0046+0.0095
−0.0047−0.0092 0.9653
+0.0044+0.0088
−0.0046−0.0088 0.9652
+0.0045+0.0091
−0.0046−0.0089 0.9653
+0.0044+0.0088
−0.0045−0.0088
ln(1010As) 3.089
+0.033+0.061
−0.033−0.064 3.094
+0.034+0.065
−0.033−0.067 3.090
+0.034+0.066
−0.034−0.063 3.091
+0.033+0.065
−0.034−0.065
β 0.22+0.20+0.23−0.18−0.20 0.350
+0.042+0.08
−0.026−0.13 0.428
+0.016+0.032
−0.016−0.034 0.429
+0.017+0.033
−0.016−0.033
m −0.06+0.40+0.44−0.41−0.51 −0.320+0.073+0.27−0.099−0.18 −0.544+0.066+0.13−0.059−0.13 −0.545+0.066+0.12−0.058−0.12
H0 56
+11+13
−10−12 63.2
+2.4+5.0
−1.6−7.0 68.0
+1.1+2.3
−1.1−2.3 68.1
+1.1+2.3
−1.2−2.2
χ2best−fit 12957.848 12978.032 13997.658 14013.128
TABLE III: 68% and 95% c.l. constraints on various free parameters of the model BVF1 with m free using different observational
data. Here H0 is in the units of km/Mpc/sec.
cous scenario with m = 0 that represents a constant bulk
viscosity in the universe sector and then proceed towards
the more general scenario where m has been taken to be
a free parameter.
For the scenario with m = 0, we have con-
strained the model using four different observational
datasets, namely, CMB, CMB+CC, CMB+Pantheon,
and CMB+Pantheon+CC, and the results of the scenario
are summarized in Table II. From Table II, one may no-
tice that the results can be divided in two different blocks,
with and without Pantheon, while they are about insen-
sitive to the presence of CC. In particular we see that
adding Pantheon we have a shift of all the cosmological
parameters, except θMC , towards higher values. More-
over, one can see that here for θMC and H0 the CMB
case goes down several standard deviations, about 20,
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FIG. 6: The figure displays the 68% and 95% c.l. contour plots between various combinations of the parameters of the model
BVF1 with m free using the observational data from different sources. The figure also shows the one dimensional marginalized
posterior distributions for some selected parameters.
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from the right panel, with increasing β, the matter power spectrum gets suppressed.
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FIG. 9: Matter power spectra for different values of the free parameters m and β for the first bulk viscous model BVF1. In the
left panel we fix m = −0.5 and vary β for some discrete values. While in the right panel we fix β = 0.4 and vary m. A common
behaviour from both left and right panels are observed as follows. We see that with increasing β (left panel) and increasing m
(right panel), the matter power spectrum gets suppressed, however, for the left panel, this suppression is more pronounced.
compared to the Planck’s ΛCDM based estimation [79].
This is a very striking result since the estimated values
of θMC and H0 for m = 0 have large difference to that of
the Planck [79], and the H0 constraint is twice stronger
of the ΛCDM one. On the other hand, the constant β
assumes small values and it is always different from zero
at more than 4 standard deviations, which goes in fa-
vor of the bulk viscosity. In Fig. 5 we have shown the
one dimensional marginalized posterior distributions for
some free parameters as well as the two dimensional con-
tour plots considering various dataset combinations for
the BVF1 model. From this figure (i.e., Fig. 5), one can
clearly see that the parameters are correlated with one
another. In particular, there is a strong positive correla-
tion amongst the parameters shown in the figure for this
model.
Now, concerning the general scenario where m acts
as a free parameter, we have summarized the observa-
tional constraints on the model parameters in Table III
at 68% and 95% CL. From our analyses (see Table III),
we see that the CMB data alone return very low value
of the Hubble parameter at present, i.e., H0 = 56
+11
−10
at 68% CL but with large error bars, and of θMC , i.e.
100θMC = 1.0328
+0.0046
−0.0048. Subsequently, when the exter-
nal data sets are added to CMB, the error bars on H0
significantly decrease and H0 increases. We see that the
addition of CC to CMB gives better constraints on H0
and θMC , on the contrary with respect to the m = 0
case insensitive to this dataset. However, the best con-
straints are achieved for the addition of the Pantheon
9data to the CMB, practically indistinguishable from the
full combination CMB+Pantheon+CC. Thus, in order to
show the graphical variations for the model parameters,
we limit to three combined analyses, namely, CMB+CC,
CMB+Pantheon, and CMB+Pantheon+CC, because the
CMB only constraints are too much large and the figure
should be unreadable if added. In Fig. 6, for the above
three datasets, we show the 1D marginalized posterior
distributions for the free parameters of the model as well
as the 2D contour plots for several combinations of the
free parameters at 68% and 95% CL. From this plot we
can see that is present the expected strong anticorrela-
tion between m and β, as supposed looking at the effect
of these parameters on the power spectra in Figs. 8 and
9. Moreover, from Fig. 6 we have some common features
of some parameters that are independent of the datasets.
We see that the parameter β has a strong positive correla-
tion to H0 and this is independent of the datasets used.
Correspondingly, we find that the parameter m has a
strong negative correlation to H0. Further, one can no-
tice that there is a notable shift between the constraints
from CMB, CMB+CC and CMB+Pantheon. For the
dataset CMB+CC, the estimation of H0 (= 63.2
+2.4
−1.6,
68% CL) moves towards a higher value with respect to
CMB alone, but is still slightly far from the measure-
ments by Planck [79] in the ΛCDM scenario, while for
the dataset CMB+Pantheon, the estimated value of H0
(= 68.0± 1.1, 68% CL) is similar to Planck [79] but with
slightly large error bars. Interestingly, one can notice
that due to large error bars on H0 for this dataset (i.e.,
CMB+Pantheon), it is possible to weaken the tension on
H0 observed from the local estimation of H0 measured by
Riess et al. in 2016: H0 = 73.24 ± 1.74 km s−1 Mpc−1
[80] and in 2018: H0 = 73.48± 1.66 km s−1 Mpc−1 [81]
under 3σ CL. However, if we consider the updated value
of the present day Hubble constant, H0 = 74.03 ± 1.42
km s−1 Mpc−1 of Riess et al. 2019 [82] the tension is
still at 3.3σ. This is one of the interesting results in this
context since the H0 tension is partially alleviated, even
if this is probably due to a volume effect, i.e. to the
large error bars imposed by the observational data. On
the contrary, with respect to the case with m = 0 the
θMC parameter shifts towards lower values moving away
from Planck [79] in the ΛCDM scenario when adding CC
or Pantheon to CMB. Finally, for the last combination,
that means, CMB+Pantheon+CC, we find identical con-
straints compared to CMB+Pantheon, showing that CC
is not adding any new information to the analysis. A
similar observation can be found from the constraints on
the model parameters, specifically looking at the con-
straints on m and β, we can see that the combinations
CMB+CC, CMB+Pantheon and CMB+Pantheon+CC
significantly improve the parameters space compared to
the constraints obtained only from the CMB data alone.
In fact, while for the CMB case we have an indica-
tion at two standard deviations for β greater than zero,
this becomes a very robust evidence at several stan-
dard deviations after the inclusion of other cosmologi-
cal probes. In particular, we have a shift towards higher
values, passing from β = 0.22+0.20−0.18 at 68% CL for CMB
alone, to β = 0.350+0.042−0.026 at 68% CL for CMB+CC, to
β = 0.428±0.016 at 68% CL for CMB+Pantheon. Anal-
ogously, we see a shift of the m parameter towards lower
values, due to the negative correlation with β leaving
with a solid evidence for m to be negative and differ-
ent form zero at about roughly 8 standard deviations for
the full combination CMB+Pantheon+CC. Also for this
parameter, while the CMB alone value is in agreement
with m = 0 (m = −0.06+0.40−0.41 at 68% CL), it moves to
m = −0.320+0.073−0.099 at 68% CL after the inclusion of CC,
to m = −0.544+0.066−0.059 at 68% CL for CMB+Pantheon. If
we compare the Table II with m = 0 with the Table III
with m free, we see an exceptional gain of ∆χ2 = 150,
supporting the necessity of m different from zero.
3.1.1. The BVF1 model at large scales
We now discuss the behaviour of the BVF1 model at
the level of perturbations considering the direct impacts
on the CMB TT and matter power spectra. We start
with the constant bulk viscous scenario (i.e., m = 0) and
display the CMB TT and matter power spectra in the left
and right panels of Fig. 7 respectively, for different values
of the parameter β. From the variation in the CMB TT
spectra (left panel of Fig. 7), we see that as long as
β increases, the amplitude of the acoustic peaks in the
CMB TT spectra increases, while from the matter power
spectra (right panel of Fig. 7), we see that increasing β
implies the suppression of the power.
For the second scenario of this model with free m (i.e.,
model BVF2), we perform similar investigations. In par-
ticular, in Fig. 8, we show the CMB TT spectra in two
variations where in the left panel of Fig. 8 we fix m at
a particular value and vary β while in the right panel
we do the reverse. From both the panels of Fig. 8, we
have some interesting observations. In particular, from
the left panel of Fig. 8, we observe that as long as β in-
creases, the amplitude of the acoustic peaks in the CMB
TT spectra increases (similar to what we observed for
the m = 0 case). Additionally, one also finds that in
the lower multipoles (for l ≤ 10), a strong difference is
observed compared to other values of β. From the right
panel of Fig. 8, although, for increasing values of m, the
amplitude of the acoustic peaks in the CMB TT spectra
increases, but the plots are relatively shrinked compared
to the left panel of Fig. 8.
Comparing the plots we expect, and we have the con-
firmation from the data analysis, that a strong anti-
correlation between the two parameters, namely m and
β is present.
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Parameters CMB CMB+CC CMB+Pantheon CMB+Pantheon+CC
Ωbh
2 0.02221+0.00017+0.00034−0.00019−0.00033 0.02209
+0.00016+0.00030
−0.00015−0.00030 0.02196
+0.00016+0.00032
−0.00017−0.00031 0.02199
+0.00016+0.00031
−0.00016−0.00033
100θMC 1.0328
+0.0015+0.0027
−0.0014−0.0029 1.03081
+0.00071+0.0017
−0.00089−0.0016 1.02676
+0.00092+0.0015
−0.00073−0.0018 1.02759
+0.00070+0.0014
−0.00075−0.0014
τ 0.079+0.017+0.034−0.017−0.034 0.086
+0.017+0.034
−0.018−0.033 0.104
+0.019+0.037
−0.019−0.035 0.101
+0.019+0.035
−0.018−0.036
ns 0.9668
+0.0086+0.017
−0.0083−0.018 0.9774
+0.0062+0.010
−0.0053−0.011 0.9995
+0.0054+0.012
−0.0057−0.011 0.9953
+0.0054+0.010
−0.0055−0.010
ln(1010As) 3.095
+0.035+0.068
−0.035−0.068 3.112
+0.034+0.066
−0.036−0.065 3.154
+0.037+0.073
−0.037−0.070 3.147
+0.037+0.068
−0.034−0.069
β 0.209+0.045+0.075−0.035−0.077 0.261
+0.019+0.029
−0.012−0.034 0.333
+0.011+0.022
−0.012−0.022 0.320
+0.011+0.020
−0.009−0.020
γ 1.001+0.003+0.006−0.003−0.006 1.005
+0.002+0.003
−0.001−0.003 1.013
+0.001+0.003
−0.002−0.003 1.012
+0.001+0.002
−0.001−0.002
H0 56.1
+3.4+6.3
−3.6−6.1 60.8
+1.9+2.9
−1.4−3.5 70.2
+1.6+3.7
−1.9−3.3 68.2
+1.4+2.9
−1.4−2.8
χ2best−fit 12962.760 12981.476 14037.120 14059.740
TABLE IV: 68% and 95% c.l. constraints on various free parameters of the model BVF2 assuming the simplest case m = 0,
that means, the constant bulk viscosity, using different observational data. Here H0 is in the units of km/Mpc/sec.
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FIG. 10: 68% and 95% c.l. contour plots for the BVF2 model with m = 0, using the observational data from different sources.
The figure also shows the one dimensional marginalized posterior distributions for some selected parameters.
3.2. The model BVF2
The main free parameters of this model are β, γ and m.
So, following a similar fashion as performed with model
BVF1, here too, we consider the constant bulk viscosity
scenario leading to m = 0, as the simplest possibility
and then proceed towards the more general bulk viscous
scenario assuming m to be a free parameter.
In Table IV, we show the observational constraints for
the constant bulk viscous model (the m = 0 case) at the
68% and 95% CL. From the Table IV, one can readily see
that the error bars are strongly relaxed, until an order
of magnitude, with respect to the BVF1 case. We also
find that in this BVF2 scenario a large shift of θMC at
about 5 standard deviations and H0 towards lower val-
ues, with respect to the ΛCDM model, but thanks to
11
Parameters CMB CMB+CC CMB+Pantheon CMB+Pantheon+CC
Ωbh
2 0.02220+0.00018+0.00034−0.00018−0.00033 0.02217
+0.00016+0.00033
−0.00016−0.00033 0.02219
+0.00016+0.00033
−0.00017−0.00032 0.02219
+0.00016+0.00032
−0.00016−0.00032
100θMC 1.0330
+0.0040+0.0048
−0.0040−0.0051 1.0285
+0.0018+0.0030
−0.0016−0.00302 1.0276
+0.0011+0.0021
−0.0012−0.0020 1.02741
+0.00077+0.0016
−0.00083−0.0015
τ 0.078+0.021+0.037−0.019−0.039 0.081
+0.018+0.036
−0.017−0.036 0.079
+0.017+0.033
−0.017−0.033 0.078
+0.017+0.033
−0.017−0.033
ns 0.9670
+0.0072+0.015
−0.0079−0.014 0.9698
+0.0061+0.013
−0.0067−0.012 0.9659
+0.0081+0.014
−0.0081−0.0134 0.9668
+0.0055+0.011
−0.0054−0.011
ln(1010As) 3.091
+0.042+0.074
−0.037−0.074 3.099
+0.035+0.067
−0.034−0.070 3.093
+0.034+0.066
−0.033−0.067 3.092
+0.034+0.065
−0.033−0.063
β 0.21+0.15+0.19−0.15−0.17 0.370
+0.073+0.10
−0.047−0.11 0.427
+0.020+0.041
−0.024−0.038 0.424
+0.018+0.035
−0.017−0.033
m 0.00+0.29+0.37−0.17−0.43 −0.32+0.16+0.33−0.21−0.32 −0.56+0.25+0.31−0.12−0.41 −0.51+0.14+0.21−0.09−0.23
γ 1.001+0.002+0.005−0.002−0.005 1.002
+0.001+0.004
−0.002−0.004 1.000
+0.003+0.005
−0.003−0.005 1.001
+0.002+0.003
−0.002−0.003
H0 55.8
+9.2+11.6
−9.1−10.9 65.9
+3.5+6.6
−4.0−6.5 68.0
+2.7+4.5
−2.4−4.7 68.4
+1.8+3.0
−1.5−3.3
χ2best−fit 12959.084 12976.53 13998.418 14013.918
TABLE V: 68% and 95% c.l. constraints on various free parameters of the model BVF2 using different observational data.
Here H0 is in the units of km/Mpc/sec.
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FIG. 11: The figure displays the 68% and 95% c.l. contour plots between various combinations of the parameters of the model
BVF2 using the observational data from different sources. The figure also shows the one dimensional marginalized posterior
distributions for some selected parameters.
the larger error bars, now the shift is less significant. In
particular, we have H0 = 56.1
+3.4
−3.6 km/s/Mpc at 68% CL
for the dataset CMB only, to be compared to its estima-
tion by Planck [79] H0 = 67.27± 0.66 km/s/Mpc at 68%
CL. When the external datasets, such as CC and Pan-
theon are added to CMB, H0 goes up (more in agreement
with the ΛCDM value) and θMC goes down (increasing
the disagreement with the ΛCDM value), and the error
bars on them are also reduced compared to their esti-
mation from CMB only. Moreover, γ shifts away from 1
(that corresponds to the BVF1 scenario) of several stan-
dard deviations when more datasets are combined to-
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FIG. 13: We show the matter power spectra for the BVF2 model with m = 0. In the left panel we fix the value of γ and
vary β while in the right panel we fix β and vary γ. In the left panel we see that with increasing β, the matter power spectra
get suppressed while for the right panel we see that for lower values of γ including its negative values (denoting the phantom
matter), the matter power spectra again get suppressed.
gether. For this model, contrary to the BVF1 case, the
addition of the CC dataset improves the parameter con-
straints, although for the CMB+CC data the estimated
value of H0 = 60.8
+1.9
−1.4 km/s/Mpc at 68% CL, is still
lower than [79]. When considering the Pantheon datasets
and the full combination, namely CMB+Pantheon and
CMB+Pantheon+CC, the Hubble constant H0 has the
strongest constraints and it shifts towards higher values.
Therefore, it is quite interesting to notice that for the
CMB+Pantheon dataset, the tension in H0 with the local
measurements is clearly reconciled within 95% CL, even
considering the latest Riess et al. 2019 measurement [82].
For the full combination CMB+Pantheon+CC, the ten-
sion is also released but within 3σ. Concerning the β
parameter, we always find that it is different from zero
at more than 95% CL, irrespective of the observational
datasets. We again note that for the CMB only data,
β has the maximum error bars which are eventually de-
creased after the addition of external datasets such as CC
or Pantheon or both, and moreover, we further note that
the strongest constraint on β is achieved for the full com-
bination CMB+Pantheon+CC. To compare the different
datasets, we choose the last three, namely CMB+CC,
CMB+Pantheon, CMB+Pantheon+CC and in Fig. 10
we show the one dimensional marginalized posterior dis-
tributions for the model parameters as well the contour
plots between several combinations of the same free pa-
rameters at 68% and 95% CL. The Fig. 10 offers some in-
teresting behaviour of the parameters. First of all, we can
notice also in this case that the addition of Pantheon pro-
duces a large shift of the cosmological parameters, now
in tension with the estimates obtained by the CMB+CC
dataset combination. This shift indicates a disagreement
of the Pantheon dataset with the CMB in the context of
the BVF model. Secondly, we find that the parameters
H0, β and γ have strong positive correlations between
them, while the contours of (β, Ωbh
2) and (γ, Ωbh
2) are
almost vertical leading to no correlations between them.
Now, concerning the general bulk viscous scenario with
free m, we have analyzed it using the same observational
datasets such as CMB, CMB+CC, CMB+Pantheon
and CMB+Pantheon+CC and we present the obser-
vational constraints on the model parameters in Ta-
ble V. From the analyses (referred to Table V), one
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FIG. 14: Temperature anisotropy in the CMB spectra for different values of the free parameters m and β and γ for the second
bulk viscous model BVF2. In the left panel we fix m, γ respectively at −0.5, 1 and vary β for some specific discrete values. In
the panel in the middle we fix β, m respectively at 0.4, −0.5 and vary γ. Finally, in the right panel, we fix β, γ respectively at
0.4, 1 and vary m.
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FIG. 15: Matter power spectra for different values of the free parameters m and β and γ for the second bulk viscous model
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middle we fix β, m respectively at 0.4, −0.5 and vary γ. Finally, in the right panel, we fix β, γ respectively at 0.4, 1 and vary
m.
can see that for the CMB data alone, H0 confirms a
lower mean value like in the m = 0 case, but with
higher error bars, H0 = 55.8
+9.2
−9.1 (68% CL, CMB), and
again, when the external datasets are added, namely the
CMB+CC or CMB+Pantheon or CMB+Pantheon+CC,
the error bars are significantly reduced with increased
values of the Hubble constant in this way: H0 =
65.9+3.5−4.0 (68% CL, CMB+CC); H0 = 68.0
+2.7
−2.4 (68%
CL, CMB+Pantheon) and H0 = 68.4
+1.8
−1.5 (68% CL,
CMB+Pantheon+CC). While one can recognize that the
estimated value of H0 for the combination CMB+CC,
is still lower than the Planck’s estimation [79], interest-
ingly, for the last two datasets, namely CMB+Pantheon
and CMB+Pantheon+CC, we see that due to larger er-
ror bars (which are indeed very small attained for the
analysis with CMB alone), the estimated values of H0
can still catch the local estimation of H0 by Riess et al.
2019 [82] within 3σ. Eventually, the tension on H0 is
clearly reduced, which is indeed one of the most interest-
ing properties of this bulk viscous model.
Let us now focus on the constraints of other free pa-
rameters. From the constraints on γ (see Table V), we
see that, this parameter is very very close and in agree-
ment to 1. The numerical estimations of γ from dif-
ferent observational datasets do not change much from
one to another: γ = 1.001+0.002−0.002 (68% CL, CMB); γ =
1.002+0.001−0.002 (68% CL, CMB+CC); γ = 1.000
+0.003
−0.003 (68%
CL, CMB+Pantheon); and γ = 1.001+0.002−0.002 (68% CL,
CMB+Pantheon+CC). However, a significant changes
appear in the constraints of the m parameter (let us re-
call that the m parameter appears from the bulk viscos-
ity: η(ρD) = αρ
m
D , α > 0). From the CMB data alone,
we see that m = 0.00+0.29−0.17 (68% CL) whilst from the re-
maining datasets, the mean values of m are negative with
increased significance when more datasets are considered:
m = −0.32+0.16−0.21 (68% CL, CMB+CC), m = −0.56+0.25−0.12
(68% CL, CMB+Pantheon), m = −0.51+0.14−0.09 (68% CL,
CMB+Pantheon+CC). From all the analyses, we find
that m 6= 0 at more than 68% CL, that means the ob-
servation data are in strong agreement of a nonzero bulk
viscosity in the universe sector.
Finally, we discuss the observational bounds on α
in terms of the β parameter quantifying the bulk vis-
cosity in the universe sector. As already reported,
the best constraints for β is achieved for the dataset
CMB+Pantheon+CC with β = 0.424+0.018−0.017 at 68% CL.
Thus, overall we find that the observational data are
in support of a bulk viscous cosmology. We close this
section with Fig. Fig. 11, where for the last three
best analyses, namely, CMB+CC, CMB+Pantheon and
CMB+Pantheon+CC, we display the one dimensional
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marginalized posterior distributions for the free param-
eters of the model as well as the contour plots between
various combinations of the model parameters at 68%
and 95% CL. From this figure (i.e., Fig. 11), we clearly
see that the parameter m has a strong positive correla-
tion to γ and β has a negative correlation to both m
and γ, partially broken by the addition of the Pantheon
dataset. Moreover, the parameter m presents a positive
correlation with H0 for the CMB+CC case, while the ad-
dition of the Pantheon dataset changes the direction of
the correlation. This is the reason why by adding the
Pantheon dataset the H0 value is very well constrained,
shifting m towards negative values. In Fig. 11 all the
bounds are now very well consistent, therefore we can
conclude that having a negative m parameter is a way
to solve the disagreement between the CMB and Pan-
theon datasets we saw in Fig. 10. The full combination
of datasets considered in this work is therefore converg-
ing to a concordance model with a negative m at several
standard deviations, a larger β different from zero, a γ
consistent with 1, a larger value for the Hubble constant
and a smaller value for θMC . For this model we gain a
∆χ2 = 46 with respect to the same case with m = 0.
3.2.1. The BVF2 model at large scales
We contimue by discuss the effects on the CMB TT
and matter power spectra for the two variations of this
bulk viscous scenario, namely for m = 0 and with free
m.
As far as the simplest case with constant bulk viscous
model (i.e., m = 0) is concerned, in Fig. 12 we plot the
CMB TT spectra where in the left panel of this figure,
we fix γ and vary β while in the right panel of this fig-
ure, we do the reverse, that means, we fix β and vary γ.
From the left panel of Fig. 12, we see that with increas-
ing β, the amplitude of the acoustic peaks increase. The
right panel of Fig. 12 gives a reverse feature in the sense
that with increasing γ (from its negative to positive val-
ues), the amplitude of the acoustic peaks in the CMB TT
spectra decrease. At this point there is another observa-
tion which follows. More specifically, we observer that
for lower multipoles (l < 10), the difference is again pro-
nounced. In Fig. 13, we show the matter power spectra
for two variations of this model. In the left panel of Fig.
13 we see that with increasing β, the matter power spec-
tra get suppressed while for the right panel we see that
for lower values of γ, including its negative values (neg-
ative values of γ means we allow the phantom matter),
the matter power spectra again get suppressed.
4. SUMMARY AND CONCLUSIONS
We have considered a unified dark fluid endowed with
bulk viscosity in a spatially flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) universe where the coeffi-
cient of the bulk viscosity has a power law evolution:
η(ρD) = αρ
m
d (α > 0 and m is a free parameter) and
pD = (γ − 1)ρD, γ ∈ R being the barotropic state pa-
rameter. So, one can realize that the above choice for the
bulk viscous coefficient automatically includes a number
of models, specifically models with fixed m. For γ = 1,
we rename the scenario BVF1 while for free γ, we rec-
ognize the bulk viscous scenario as BVF2. For m = 0,
one can realize a constant bulk viscous model. Thus, in
order to include the specific cases with m = 0, both the
scenarios (i.e., BVF1 and BVF2) have been further clas-
sified as (i) the case with m = 0 [BVF1 (m = 0), BVF2
(m = 0)], representing the constant bulk viscous scenario
and (ii) the case for free m [BVF1 (m: free), BVF2 (m:
free)], which is the most general bulk viscous scenario in
this work. Thus, essentially we consider four different
bulk viscous scenarios and constrain all of them using
the observational datasets from CMB, Pantheon sample
of Supernovae Type Ia, and the Hubble parameter mea-
surements from the cosmic chronometers.
For the constant bulk viscous scenarios BVF1 (m = 0)
and BVF2 (m = 0), the results of which are summa-
rized in Tables II and IV respectively, we find that the
parameter β quantifying the observational evidence of
the bulk viscosity is strictly nonzero at several stan-
dard deviations. In the large scales of the universe, we
find that increasing β brings in some notable changes
in the CMB and matter power spectra. In both the
scenarios, a common behaviour we find that, with in-
creasing β, the amplitude of the acoustic peaks in the
CMB temperature anisotropy spectra increases while
due to increasing β, the matter power spectrum gets
suppressed. The model BVF2 (m = 0) has an addi-
tional observational feature that is absent in BVF1 (m =
0). We find that for the combinations CMB+Pantheon
and CMB+Pantheon+CC, the tension on H0 is released
within 3σ. In fact, the combination CMB+Pantheon is
much effective to reconcile this tension (see Table IV).
We should only worry on the blowing nature of the
matter power spectra for large β shown in Fig. 9 and
Fig. 15. This means that for large values of β, the
bulk viscous model is not able to produce stable pertur-
bations. Nevertheless, this nature is not reflected from
their corresponding CMB spectra. The blowing nature
in the matter power spectra for such models demands an
additional constraint on β that should be investigated
in future. However, along with other findings probably
the best finding is that the bulk viscous models are able
to reduce the H0 tension weakly. We use weakly in the
sense that the tension is released under 3σ CL. In sum-
mary, we see that the bulk viscous scenarios might be
able to compete with other cosmological models in which
an additional constraint in terms of either the inclusion of
phantom dark energy equation of state [83, 84, 85, 86, 87]
or the nonzero interaction [88, 89, 90, 91, 92], are neces-
sary to release the H0 tension.
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